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Abstract 

We suggest a construction that, given a trajectorial diffeomorphism 
between two Hamiltonian systems, produces integrals of them. As the 
main example we treat geodesic equivalence of metrics. We show that the 
existence of a non-trivially geodesically equivalent metric leads to Liouville 
integrability, and present explicit formulae for integrals. 



1 Introduction 

Integrals of a system are closely related to symmetries. A classical example is 
Noether's theorem: if a vector field X on a manifold M preserves a Lagrangian 

L : TM — i- R , then the function Ix '= ^{x, i)X{x) is a first integral of the 
corresponding Lagrangian system. 

There are many generalizations of Noether's theorem, we recall the following 
two. In the paper Ql it was shown that the existence of a vector field on 
T*M which commutes with a Hamiltonian vector field allows one to construct 
a (multi- valued) integral of the Hamiltonian system. In the paper |ll| the result 
of Q was generalized to tensor fields. It was shown that if a Hamiltonian flow 
preserves a tensor field on T*M, then there exists an (also multi- valued) integral 
of the Hamiltonian system. 

In our paper we, following ideas of present a construction which, given 
a diffeomorphism between two Hamiltonian systems that takes the trajectories 
and the isoenergy surfaces of the first Hamiltonian system to the trajectories 
and the isoenergy surfaces of the second one, produces n integrals of the first 
system, where n is the number of the degrees of freedom of the system. 

The construction is applied to geodesically equivalent metrics. Let g = (gij) 
and g = {(jij) be smooth metrics on the same manifold M". 

Definition 1. The metrics g and g are geodesically equivalent, if they have the 
same geodesies (eonsidered as unparameterized curves). 

This is rather classical material. In 1869 Dini [|| formulated the problem of 
local classification of geodesically equivalent metrics, and solved it for dimension 
two. In 1896 Levi-Civita got a local description of geodesically equivalent 
metrics on manifolds of arbitrary dimension. In the paper |^ a family of (non- 
trivial) examples of geodesically equivalent metrics on closed manifolds was 
constructed. 
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For geodesically equivalent metrics, a trajectorial difFeomorphism $ is given 
by ^x,0 = {x, ^^0- Here {x,^) e TM", a; is a point of M" and ^ e T^M". 

Theorem 1. Let metrics g and g on M" be geodesically equivalent. Denote by 
G the linear operator g^^g = {g^"gaj)- Consider the characteristic polynomial 
det{G — ^lE) = co/i" + ci/i"^^ + ... + c„. The coefficients ci, ..,c„ are smooth 
functions on the manifold M", and co = (—1)". Then the functions Ik = 

k + 2 

(^iM) 9{Sk^, C)> = 0, n - 1, where Sk =^ I]Lo CiG*-'"' , are integrals 
of the geodesic flow of the metric g and pairwise commute. 

2 

Remark 1. The integral Iq = ^ '^'^■s obtained by Painleve, see 

/Q/. T/ie integral In-i is the energy integral (multiplied by minus two). 

The integrals /i, /2, In-2 seem to be new, although in each Levi-Civita chart 
the integrals are linear combinations of Levi-Civita integrals (see Section ^ for 
definitions). We touch on the connection between the integrals Iq, ...,/„_ i and 
Levi-Civita integrals in Section ^. 

Metrics g,g on M" are strictly non-proportional at a point x e M", if the 
characteristic polynomial ^fet^g) det{g — tg))^.^. has no multiple root. 

Corollary 1. Let M" be a closed real-analytic manifold supplied with two real- 
analytic metrics g,g such that the metrics g,g are geodesically equivalent and 
strictly non-proportional at least at one point. Then the fundamental group 
7ri(M") of the manifold M" contains a commutative subgroup of finite index, 
and the dimension of the homology group iJi(M"; Q) is no greater than n. 

For dimension two the converse of Theorem^ is also true, and the condition 
of Corollary |l| can be weakened. 

Corollary 2. Metrics g and g on a surface M"^ are geodesically equivalent, if 

2 

and only if the function ^ ^ 0,"^ integral of the geodesic flow of 

the metric g. 

Corollary 3. Let metrics g,g on a closed surface of negative Euler character- 
istic be geodesically equivalent. Then g = Cg, where C is a constant. 

Corollary 4. Let metrics g, g on the torus T^ be geodesically equivalent. If they 
are proportional at a point x eT"^ , then g — Cg, where C is a positive constant. 

Corollary 5. Let metrics g, g on the sphere S'^ be geodesically equivalent. Then 
there are three possibilities. 
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1. The metrics are proportional at exactly two points. 

2. The metrics are proportional at exactly four points. 

3. The metrics are completely proportional, i.e. g — Cg, where C is a positive 
constant. 

In the first case the metrics admit a Killing vector field. 

Recall that a vector field on M" is Killing (with respect to a metric) , if the 
flow of the field preserves the metric. 

Corollary 6. Let metrics g,g on a surface M"^ he geodesically equivalent. If the 
metrics are proportional at each point of an open non-empty domain U C JVP , 
then g = Cg, where C is a positive constant. 

Corollary 7. If metrics g,g on a manifold Af" are geodesically equivalent, and 
if the metric g admits a non-trivial Killing vector field, then the metric g also 
admits a non-trivial Killing vector field. 

One of the most famous integrable geodesic flows on closed surfaces is the 
geodesic flow of the metric on ellipsoid (see [Q). Consider the ellipsoid 

Z]r=i = 1' where at > 0, i = 1, ...,n. 

Theorem 2. The restriction of the metric X^iLil^^*)^ ellipsoid 
Xir=i — ^ is geodesically equivalent to the restriction of the metric 

{dx'f\ 



to the ellipsoid. 

The paper is organized as follows. In Section ^ we present the announced 
construction. Theorem |^ there gives an explicit formula for a one-parameter 
family of first integrals, if a trajectorial diffeomorphism between two Hamilto- 
nian systems is given. 

In Section H, for use in Sections |[ ^, |^ we formulate Lcvi-Civita and Painleve 
results about a local form of geodesically equivalent metrics. 

In Section || we apply the construction to geodesically equivalent metrics, 
and prove that the functions /o, ...,/«- 1 from Theorem Q are integrals of the 
geodesic fiow of the metric g. 

In Section 5 we prove that the integrals /q, ...,/„_ i are in involution. 

In Section 6 we prove Corollaries |l|, |, |, |, |, |, 0. 

In Section 7 we prove Theorem ^. 

The authors are grateful to A. V. Bolsinov, A. T. Fomenko, V. V. Kozlov 
and I. A. Taimanov for useful discussions. The main results of the paper were 
obtained during a 4-week visit of P. Topalov to Bremen University. The authors 
are grateful to the Institute of Theoretical Physics of Bremen University for its 
hospitality and to the Deutsche Forschungsgemeinschaft for partial financial 
support. 
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2 Trajectorial diffeomorphisms and integrals 

Let V and v be Hamiltonian systems on symplectic manifolds (Af, lo) and {M , Co) 
with Hamiltonians H and H respectively. Consider the isoenergy surfaces 

Q '^^ {x e M : H{x) ^h}, Q =^ {x G M : H{x) = h) , 

where h and h are regular values of the functions _ff , H respectively. Let U (Q) C 
M and U{Q) C M be neighborhoods of the isoenergy surfaces Q and Q. 

Definition 2. A diffeomorphism $ : U{Q) — > U{Q), $(Q) = 0? sairf be 
trajectorial on Q, if the restriction $|q takes the trajectories of the system v to 
the trajectories of the system v. 

Denote the restriction $|q by <j). Since <j) takes the trajectories of v to the 
trajectories oiv, it takes the vector field v to the vector field that is proportional 
to V. Denote by ai : Q — > i? the coefficient of proportionality, i.e. = aiv. 

Since $ takes Q to Q, it takes the differential dH to a form that is proportional to 
dH. Denote by a2 : Q — > i? the coefficient of proportionality, i.e. (f>ifdH — a2dH. 
By a we denote the product aia2. We denote the Pfaffian of a skew-symmetric 
matrix X by Pf(X). 

Theorem 3. Let a diffeomorphism $ : U{Q) U{Q), ^{Q) = Q, be trajecto- 
rial on Q. Then for each value of the parameter t the polynomial 

' ^ ' " PfH(i-a) ^ ' 

is an integral of the system v on Q. In particular, all the coefficients of the 
polynomial V^^^it) are integrals. 

Proof. Denote by a, a the restrictions of the forms w, w to Q, Q respectively. 
Consider the form on Q. 



Lemma 1 (Topalov, The flow v preserves the form (jfa. 

Proof of Lemma |l|. The Lie derivative L„ of the form 0*(t along the vector 
field V satisfies 

L^cjfa = d [zt,(/)*(T] + lyd . 

On the right side both terms vanish. More precisely, for an arbitrary vector 
M G at an arbitrary point x Cz Q we have 

= a{aiVj4>*{u)) = 
= -aidH{<j)4u)) = 0. 

Since the form Hi is closed, the form a is also closed and d [(t)*(j] — 4'*{da) — 0, 
q. e. d. 
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It is obvious that the kernels of the forms a and (/)*(t coincide (in the space 
TxQ at each point x € Q) with the hnear span of the vector v. Therefore these 
forms induce two non-degenerate tensor fields on the quotient bundle TQ/{v). 
We shall denote the corresponding forms on TQ/{v) also by the letters a, a. 

Lemma 2. The characteristic polynomial of the operator (a)^^{(f>*a) onTQ / {v) 
is preserved by the flow v. 

Proof of Lemma |2|. Since the flow v preserves the Hamiltonian H and the 
form u, the flow v preserves the form a. Since the flow v preserves both forms, 
it preserves the characteristic polynomial of the operator {a)~^{(j)*d'), q. e. d. 

Since both forms are skew-symmetric, each root of the characteristic poly- 
nomial of the operator ((t)~^($*(t) has an even multiplicity. Then the charac- 
teristic polynomial is the square of a polynomial S"~^{t) of degree n — 1. Hence 
the polynomial S"~^{t) is also preserved by the flow v. It is obvious that 



= (-1)'^ 



Pf (a) 



(2) 



The last step of the proof is to verify that 
{t ~ a)(5"-i 



Pf dcf^„_ 



PfH 

Take an arbitrary point x G Q. Consider the form <I>*tD — acu on T^M . The form 
iy{<t*u] — auj) equals zero. More precisely, for any vector u ^ T^M we have 

= iZ!{alV,^■^,{u)) — au!{v,u) = 
= -aidH{<i>4u)) + adH = 
= -adH + adH 0. 

There exists a vector A e XcM such that uj{A, v) and the restriction of the 
form — aw) to the space T^M equals zero. More precisely, since the forms 

$*tD, CO are skew-symmetric, then the kernel K^-Q^ac^ of the form $*tt' — ao; has 
an even dimension, and the kernel of the restriction of the form — ato to 
TxQ has an odd dimension. Thus the intersection n {Tj;M\%;Q) is not 

empty. For each vector A from the intersection we obviously have uj{A, v) ^ 
and — auj) = 0. Without loss of generality we can assume uj{A,v) — 1. 

Consider a basis (u, ei, 62,1-2) for the space T^Q. The set {A, v,ei, 6271-2) 
is a basis for the space T^M . In this basis we have 





a-t 


(*) 


det(<i>*cj - tuj) = det 


-{a-t) 


0---0 




-(*) 


(4'*W-iw)(e^_...,e2„_2> 


= («- 


t)2det((<i>*<i-M(ei,...,e.„_.>) 


= («- 


t)2det(0*CT - to), 



where {^*lu — tu] 



is the matrix of the form $* 



tij in the basis 



(6i,...62„-2). Finally, = 7"^ 



e. d . 
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3 Levi-Civita theorem 

Let g and g be smooth metrics on a manifold Af". Recall that the common 
eigenvalues of the metrics g at a point x & M are roots of the characteristic 

polynomial Px{t) = Aet{G — tE),^^, where G =^ (g'^°'gaj)- Suppose that at 
every point of an open domain I? C M" the common eigenvalues of the metrics 
g, g assume m distinct values , p^, (1 < m < n) with multiplicities 
ki, k2, km, respectively. 

In the paper Levi-Civita proved that for every point P G I? there is 
an open neighborhood U{P) C V and a coordinate system x = {xi, ...,Xm) (in 
U{P)), where Xi = (xj, x*^*), (1 < i < m), such that the quadratic forms of 
the metrics g and g have the following form: 

gix,x) = Ili{x)Ai{xi,Xi) + Il2{x)A2{x2,X2) -\ h 

H" 11-777 (x) -A (3^772 , -^m^ (3) 

g{x,x) = p^Ili{x)Ai{xi,Xi) + p'^Il2{x)A2{x2,X2) ^ h 

{x)A 

), (4) 

where Ai{xi,Xi) are positive-definite quadratic forms in the velocities Xi with 
coefficients depending on Xi, 

Ili =^ (4 - 0l) • • ■ (0j - - 00 ■ ■ • (0m - 0i) (5) 

and 01, 02, 0m, < 01 < 02 < ... < 4>mi ^-re smooth functions such that 

0i(ii), if h ^ 1 
constant, else. 

It is easy to see that the functions as functions of 0i and the function 0i as 
functions of are given by 

1 1 



(pi...(p,n (Pi 



Definition 3. Let metrics g and g he given by formulae (Qj and in a co- 
ordinate chart hi. Then we say that the metrics g and g have Levi-Civita local 
form (of type m), and the coordinate chart U is a Levi-Civita coordinate chart 
(with respect to the metrics). 

Levi-Civita proved that the metrics g and g given by formulae (^ and (^ are 
geodesically equivalent. If we replace 0i by 0; 4- c, i = 1, ...,m, where c is a 
(positive for simplicity) constant, in (H) and (||), we obtain the following one- 
parameter family of metrics, geodesically equivalent to g: 

9c{x, i) = . , , . \ , , . I T^niAi + • • • + — ^n„A„ I . (6) 

(01 + C) • • • (0,„ + C) [Cpi+C 0m -f C J 

The next theorem is essentially due to Painleve, see M. 
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Theorem 4. // the metrics g and g are geodesically equivalent, then the function 

dcf fdet{gy\^ 

is an integral of the geodesic flow of the metric g. 

Substituting gc instead of 5 in , we obtain the foUowing one-parameter family 
of integrals 



dcf 



■>+i 



_ / det(g) 

+ c) • • • (0™ + c)] l-l—HiAi 



where 



Li = IIiAi + • • • + n„iA,„, which is twice the energy integral, 

L2 = cri(02, 0m)niAi H h (Tl (01, l)nm 

L3 = Cr2((?!)2, 0m)niAi H h (T2 (01 , . .. , 0m-l A^, 

= (02---0m)niyli H h (01 . . .0m- 1 An , 

(j/c denotes the elementary symmetric polynomial of degree k, and 

dcf 2 

C = [(01 + c)''^^^ ■ ■ ■ {(f),n + c)*^""^^] is a constant. Therefore the functions 
Lfc, fc = l,...,m, are integrals of the geodesic flows of the metric g. We call 
these integrals Levi-Civita integrals. 

From the results of |^ it follows that Levi-Civita integrals are in involution. 
More precisely, let D = (d^) be an m x m matrix. Suppose that for any i,j 
the element depends only on the variables Xj . Denote by A the determinant 
of the matrix D and by A* the minor of the element d* . In the paper |^ it 
was shown that, for arbitrary functions Ai{xi,Xi), quadratic in velocities Xi, 
the Lagrangian system with Lagrangian 

, Ai{xi,Xl) ^2(^2,^2) , , A,niXm,Xm) 

Jl — A 



Ai ' Ai ' - A 

admits (m — 1) integrals 



T!, = A Ai{xi,Xi)—-j— + A2{X2,X2) , .j^.^ + ■■■ + Ara(Xm,Xra) 



(A})2 ""^^'"^''^'^^(^1)2 ' ■•• ' --^niV-mi -m; j^^i -j2 

where i = 2, ...,m, and if we identify the tangent and cotangent bundles the 
Lagrangian Ti and consider the standard symplectic form on the cotangent 
bundle, then the integrals are in involution. 
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If we take d^- = {4>j)'^ % then A and A^- are given by 

A;. = (-l)™-ia^"i((/>i,,^2,...,0,-i,<^,+i,...,<^™) n <^/3)> 

a>l3>l.a=^j,t3^3 

A=(-ir n (<^«-0/3). 

a>/3>l 



Therefore, 



AA 



so Ti = —Li and thus the integrals Li are in involution, q. e. d. 

4 Geodesic equivalence and corresponding inte- 
grals 

Let the metrics g and g on a manifold M (of dimension n) be geodesically 

equivalent. 

Define 



where a; G M, ^ e %M and \\^\\g = \/g(?70 VgtjC^ is the norm of the 
vector ^ in the metric g. 

By the geodesic flow of the metric g we mean the Lagrangian system of 
differential equations ^ (fj) ~ §7 ~ ^ on TM with Lagrangian L =^ ^gijX^x^ . 
Because of the Legendre transformation, the geodesic flow could be considered as 
a Hamiltonian system on TM (as a symplectic form we take ujg d[gij(^^ dx^]) 

with the Hamiltonian Hg =^ ^gijd'' ■ 

Since the metrics g,g are geodesically equivalent, the mapping $ : TM —> 

TM, <i>(a;,^) = (^x, C ^ i takes the trajectories of the geodesic flow of the 
metric g to the trajectories of the geodesic flow of the metric g. This mapping 
is a diffeomorphism (for r 7^ 0), takes UgM to U^M and is trajectorial on 
UgM. Obviously the surfaces Ug, are regular isoenergy surfaces {Hg = §}, 

By Theorem |[ in order to obtain a family of first integrals we have to find 
the polynomial A"{t) and divide it by {t—a). In our case Hg = HgO^. Therefore 
the function a from Theorem ^ equals to . 
In coordinates we have 

ujg = dlgij^^dx"-] 

and 

uJg = d[gi-i^^dx']. 
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Therefore, 



= d 



d 

d 



Mk 



dx'^ A dx"- 
dx' A d^''. 



It is easy to see that at a point ^ e the quantities 

, def d 



form an element of 7^M (g) TxM. Without loss of generality we can assume that 
in the space TxM the metrics g and g arc given in principal axes. Then 



def 



^< ,9 (c^ 



i ri llCllg 



iliik _ ^-M. 



9 y ll^lli 

= diag(/ii,...,/i„)-^(g)B. 

Here p', i = 1, n are common eigenvalues (here we allow p* to be equal to 
for some of the metrics g and g, in =^ — '= P*^* and 



Mk 



P Hills 



We have 



det($*a;g - tojg) 



det 

















Therefore, 



= det(Ay+%)2. 
A"(t) = det (diag(t + /xi, i + m„) - a O 6) . 



(8) 



Lemma 3. The following relation holds: 



{t + /ii) • • • + - (aifei)(t + IJL2)---{t + Hn)- ... 
{t + fll)---{t + Hn-l){anbn)- (9) 
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The lemma follows from induction considerations. 

To divide the polynomial by (t — a) we shall use the Horner scheme. Suppose 
that A"(t) = i" + a„_ii"-i + -- - + 00 and = + 6„-2i""^ + • • • + 6o- 

Then we have 

bn-i = an = 1, (10) 

bn-2=an-i+a, (11) 

bk = ak+1 + abk+ij (12) 
= ao + abo. (13) 

It follows from lemma || that 

ao = (^i.../i„) - {AlBl){fl2■■■^J■n) (/^i...^„_i)A„i?„ = 

^'llfllA",.. 



Combining with (O) we get 



6o = -^ = (-l)"+i^"^" 
a 



rMky"\,i...,«). 



Since ^gijC^,'' is an integral of the geodesic flow of the metric g, the function 

io = {p'---pn-^m,o (14) 

is also an integral of the geodesic flow of the metric g. Using Lemma ^ we have 
a„_i = (^1 + ... + - (AiSi + ... + A„B„) = 
Ms 



, , „n/■n2^1 ll^lls 



(pl + ...+p")(plC'' + -+p"e"')} 



iieii/ 



Using we get 

bn-2 = an~2 + a 



Mk 

\m 



Therefore, the function 

dof 



(pi...^«)-^|(piV%... + p"^r^)- 
(pi + ... + p")(pY' + - + p"e"')} 
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is an integral. (It is easy to see that |j|||f = (p^ • • • p"')''^ -^-) 
Arguing as above, we see that the functions 

- (pi + ...+p«)(piV + ...+p"'r') + --- 
+ {-i)'^Mp\...,pn{p'e' + -+P"c')}, 

are integrals of the geodesic flow of the metric g, where by ak we denote the 
elementary symmetric polynomial of degree k. It is obvious that {—l)''ak = 

Cfc from Theorem 0, and therefore h = (a^j[f)) di^k^iO- Thus h, k = 
0, ...,rt — 1, are integrals of the geodesic flow of the metric g, q. e. d. 

5 Liouville integrability 

The last step of the proof of Theorem |l| is to verify that the integrals Iq, In-i 
are in involution. We proceed along the following plan. First we show that it 
is sufficient to prove the involutivity in each Levi-Civita chart. Then we prove 
that in each Levi-Civita chart the integrals /q, are linear combinations 

of Levi-Civita integrals, and therefore commute. 

Let (7, g be metrics on M. A point x d M is called stable, if in a neighborhood 
of X the number of different eigenvalues of the metrics g, g is independent of the 
point. 

Denote by A4 the set of stable points of M. The set A4 is an open subset of 
M. Obviously 

M= y A^", (15) 

l<q<7l 

where Ai'^ denotes the set of stable points whose number of distinct common 
eigenvalues equals q. Points x Cz M \A4 are called points of bifurcation. 

Lemma 4. The set M. is everywhere dense in M . 

Proof of Lemma ^ Denote by N{x) the number of distinct common 
eigenvalues of the metrics g,g a,t a, point x. Recall that the common eigenvalues 
of the metrics g, ^ at a point x € M are roots of the characteristic polynomial 
Px{t) — dot (G — where G = {g'^°'gaj)- In particular, all roots of Px{t) 

are real. 

Let us prove that, for a sufficiently small neighborhood of an arbitrary point 
X £ M , for any y from the neighborhood the number N{x) is no greater than 
N{y). Take a small e > and an arbitrary root p of Px{t). Let us prove that for 
a sufficiently small neighborhood U{x) C M, for any y ^ U (x) there is a root py, 
p — e < py < p + e, of the polynomial Py{t). If e is small, then for a sufficiently 
small neighborhood U{x) of the point x, for any y e U{x) the numbers p + e and 

p — e are not roots of Py(t). Consider the circle Se'== {z £ C : \z — p\ = e} on 
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the complex plane C. Clearly the number of roots (with multiplicities) of the 
polynomial Py inside the circle is equal to 



27Ti Py 



,{') 

Since for any y £U{x) there are no roots of Py on the circle S^, then the function 



1 r Py^^) 



27r« Jse Py{^) 



dz 



continuously depends on y G U{x), and therefore is a constant. Clearly it is 
positive. Thus for any y G U{x) there is at least one root of Py that lies between 
p + e and p — e. Then for any y from a sufficiently small neighborhood of x we 
have N{y) > N{x). 

Now let us prove the lemma. Evidently the set M is an open subset of 
M. Then it is sufficient to prove that for any open subset U C M there is a 
stable point x E U. Suppose otherwise, i.e. let all the points of U be points of 
bifurcation. Take a point y G M with maximal value of the function on it. 
We have that in a neighborhood U {y) of the point y the function A'' is constant 
and equals N{y). Then the point ?/ is a stable point, and we get a contradiction, 
q. e. d. 

Now let the metrics g,ghe geodesically equivalent. Since the set of points 

of bifurcation is nowhere dense, it is sufficient to prove the involutivity in each 
Levi-Civita chart. Let the metrics g and g be given by 

g{x,x) = III (x)Ai (xi, xi) + 112(^)^2(52,42) H h 

+ nm(x)A„i(Xm, Xm)j (l^) 

g{x,x) = p^Xli{x)Ai{xi,xi) + p^Xl2{x)A2{x2,X2) A 

+ p'"n„(x)A„(x„,x™). (17) 

We show that the integrals Ik are linear combinations of the Levi-Civita inte- 
grals. We have 

G = diag(pS^,...,p^^^), (18) 

k\ km 

where = ^^^^ ^ . It is easy to check that 

Sk = (-l)'=diag(a^, 4, , a^), (19) 



where 

.,p"\...,p-). (20) 
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We have 



fei-1 



\<X\=K 

(23) 

where |a| ai H h a„ and a, > 0. Substituting C^'^"^^) + {^^~_\) for (^'j 

(we assume that Q = 1, (_\) = 0, fc > 0) for 2 < « < m we obtain 



^<P2 <Pm' J 



where 

D def /fci-l\ fk.m-l\ 1 1 

Note that 

where Cfe = ..4''^-^]^ . Therefore, 

, def /det(5)\^ . . 

= (-i)'=Cfc(.^i...</)™)'=+2 {pV^nai + • • ■ + p-a^n^A™} = 

= (-l)'=Cfc(,;ii...<^„)fc+2 / \ L/^ \ —{Bk + 

+ h Bfc-m+lO-m-l(^^, I IIi^l + • 

= (-l)'^C/; {BfeZ/TO + B/;_iZ/m_i H h -Bfe-TO+i-^i} , (26) 

whoro Li arc Lcvi-Civita integrals. 

Finally, since the integrals 7o, In-i are linear combinations of Levi-Civita 
integrals with constant coefHcients, and since Levi-Civita integrals commute, 
then the integrals Iq, 1 also commute, q. e. d. 

Remark 2. Let m be the number of distinct common eigenvalues of geodesically 
equivalent metrics g,g at a point x. Then in a neighborhood U of the point x the 
number of functionally independent almost everywhere Levi-Civita integrals is no 
less than m. Therefore the dimension of the space generated by the differentials 
{dIo,dIi, ...,dln-i) no less than m at almost all points ofTU. 
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6 Topological obstructions 



Corollary |i| follows immediately from the following theorem. Recall that a group 
G is almost commutative^ if there exists a commutative subgroup P C G of finite 
index. 



Theorem 5 (Taimanov, |10| ). // a real- analytic closed manifold Af" with a 
real-analytic metric satisfies at least one of the conditions: 

a) 7ri(M") is not almost commutative 

h) dimHi{W;q,) > dimM"-, 

then the geodesic flow on M" is not analytically integrable. 

Proof of Corollary |l|. If metrics 17, g are real-analytic and geodesically equiv- 
alent, then the integrals /o,...,/n-i are also real-analytic. If the metrics are 
strictly non-proportional at least at one point of M", then the integrals are 
functionally independent almost everywhere in a neighborhood of that point. 
Since the integrals are real- analytic, then they are functionally independent 
almost everywhere and we can apply Theorem |5[ q. e. d. 

Proof of Corollary eL Let metrics g,g on a surface be geodesically equiv- 

2 

alent. Using Theorem]^ we have that the function Iq — "^^ 5(^jC) is 

an integral of the geodesic flow of the metric g. In one direction Corollary |^ is 
proved. In other direction the statement of Corollary ^ can be verified by direct 
calculation, and it was done in [ p^ . 

Proof of Corollaries ^ |5|, ^ Let 17 be a metric on a surface M^. The 
following lemma is essentially due to [Q] , see also § . For simplicity assume that 
the surface is oriented, otherwise finitely cover the surface by an oriented 
one. Consider the complex structure on corresponding to the metric g. Let 
z be a complex coordinate in a open domain U C M^. Consider the complex 
momentum p. We shall denote by z and p the complex conjugation of z and 
p respectively. In complex variables the Hamiltonian H : T*M^ — > i? of the 
geodesic flow of the metric g reads ^^fy, where A is a real- valued function. 
Suppose that the real-valued function 

F = A{z)p^ + B{z)pp + A{z)p^ 

is an integral of the geodesic flow of the metric g. 

Lemma 5. The form -^-^dzdz is meromorphic. 



Remark 3. // the Hamiltonian and the integral are proportional at each point 
of AI^ , i.e. if F = a{z)H, where a : — > R, then by definition put -^^dzdz 
equal zero. 
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Proof of Lemma |5|. Since F is an integral of the Hamiltonian system with 
the Hamiltonian H, the Poisson bracket {H, F} equals zero. We have 

{if, F} = HpF, - H,Fp + HpF, - H,Fp = (27) 



On the right side of (|2^) each term is a polynomial of third degree in momenta. 
Then the bracket is also a polynomial of third degree in momenta. In order 
for a polynomial to equal zero, all coefficients must be zero, in particular the 
coefficient of p^. Thus ^ equals zero, and A is holomorphic. Then is 
meromorphic, q. e. d. 

Let g,g he geodesically equivalent metrics on a closed surface of Euler 

2 

characteristic x(Af^). Then the function Iq = "^^ giS.,S,) is an integral 

of the geodesic flow of the metric g, and is quadratic in momenta (if we identify 
with the help of the metric g the tangent and cotangent bundles of M^). Con- 
sider the form -^^dzdz corresponding to the integral Iq. Suppose that the form 
is not identical zero. For a meromorphic 2-form on a closed Riemann surface, 
the number of poles P minus the number of zeros Z is equal to twice the Euler 
characteristic. It is easy to see that the form -^^dzdz has no zeros (otherwise 
the metric g has singularities). Then P — 2x{AP), and the Euler characteristic 
x(M^) can not be negative, q. e. d. Now assume the metrics are proportional 
at each point of an open subset U C M^. Since the form is meromorphic, it 
must be zero. Thus g = a{z)g, where a is a function on M^. Let us show that 

the function a is constant. Actually, Iq = 2(i)^ H (here we identify T*M and 
TM with the help of the metric g). We have 

{H, lo} = {H, 2 (^i^ ' H} = {H, H}2 (^i) ' + 2H{ (^^^ ' , H}. 

Since {H, H} equals zero, we have that {(^) ^ , H} equals zero and the function 
a is constant. This proves Corollaries^,^. 

Remark 4. For non-orientable surfaces the sign of the Euler characteristic co- 
incides with the sign of the Euler characteristic of the oriented covering. There- 
fore Corollary || is true also for non-orientable surfaces. 

It is easy to see that the form -^^dzdz has poles precisely at points, where 
the metrics are proportional. If the surface Af^ is the torus, then x(M^) — 
and either the metrics g, g are proportional at every point, or there are no points 
of proportionality of the metrics. This proves Corollary^. 

The following lemma is essentially due to Kolokol'tzov Q. It completes the 
proof of Corollary 

Lemma 6. On the sphere S'^ there are the following three possibilities for the 
form -^yjdzdz. 

1. The form -^^dzdz is identical zero. 
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2. The form -^^dzdz has exactly two zeros (both zeros are of multiplicity 
two). 

3. The form -^^dzdz has exactly four zeros. 

In the second case the metric g admits a non-trivial Killing vector field. 

Proof of Corollary |^. Because of Noether's theorem, if a metric admits a 
(non-trivial) Killing vector field, then the geodesic flow of the metric admits a 
(non-trivial) integral, linear in velocities, and vice versa. 
Suppose the function 

n 

i^i=Ea,(x)f 

i=l 

is constant on the trajectories of the geodesic flow of the metric g. Then the 
function 

is constant on the trajectories of the geodesic flow of the metric g. Since the 

2 

function Iq — "^"^ ff(f, is an integral of the geodesic flow of the metric 

g, and since the function 1 1^| |g — \/g{^,£,) is also an integral of the geodesic flow 
of the metric g, then the function 



y5(C^ /det(5)\— " 

linear in velocities, is also an integral of the geodesic flow of the metric g, q. e. d. 

7 Geodesically equivalent metrics on the ellip- 
soid. 

Proof of Theorem |^. We show that in the elliptic coordinate system the 
restriction of the metrics 



ds^ 1^' V(dx')2 and dr^ = ^ E 



to the ellipsoid X]r=i '^IT" ~ ^ have Levi-Civita local form, and therefore are 
geodesically equivalent. More precisely, consider elliptic coordinates i^^, 
Without loss of generality we can assume that < < ... < a". Then the 
relation between the elliptic coordinates D and the Cartesian coordinates x is 
given by 

x' ^ \ L^n' , (28) 
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Recall that the elliptic coordinates are non-degenerate almost everywhere, and 
the set 

{i/'^ = 0, oi < z/^ < a2, a2 <v^ < as, a-n-i < z^" < a"} 

is the part of the ellipsoid, lying in the quadrant {x^ > 0,a:^ > 0, > 0}. 

Since for any i the symmetry a;' — > — takes the ellipsoid to the ellipsoid and 
preserves the metrics ds'^ and dr^, it is sufScent to check the statement of the 
theorem only in the quadrant {x^ > 0, > 0, x" > 0}. 

In the elliptic coordinates the restriction of the metric ds"^ to the ellipsoid 
has the following form 

n 

J^^^Md'^'f, (29) 

i=l 

where Ej n?-i — >^^), and Ai =^ T-r„ ';' . — -. The restriction of the 

metric dr^ to the ellipsoid is 

n 

{a^a''...a'')^p'UiAi{du'f, (30) 

i=l 

where i, i\ — • We see that the metrics ds^ . dr^ have Levi-Civita local 

form, and therefore are geodesically equivalent, q. e. d. 
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